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Abstact. For an arbitrary ordinary second order differential equation a 
test is constructed tliat clieclcs if tliis equation is equivalent to Painleve 
I, II or Painleve III with three zero parameters equations under the 
substitutions of variables. If it is true then in case the Painleve equations 
I and II an explicite change of variables is given that is written using the 
differential invariants of the equation. 

Keywords: Painleve equations, equivalence problem, differential invari- 
ants. 

1. Introduction 
It is well-known fact that the ordinary differential equations of the form 

(1) v" = v) + 3 g(x, v)y' + 3 y)y'^ + S{x, y)y'^ 
preserve their form under the action of arbitrary point transformations 

(2) x^x{x,y), y^y{x,y). 

So we can use of geometric methods to study these equations. See [T], [5], [3], 0], 
[5]. In particular, we can build differential invariants associated with the equation 
(ID) from its coefficients - functions P{x,y), Q{x,y), R{x,y), S{x,y), and their 
derivatives. Such invariants are called Cartan invariants. See [5], [3, [S], 

All six famous Painleve equations ([10], [11], [12]) have the form ([T]). The first, 
second and third Painleve equations respectively are: 

y"^6y^ + x, y" = 2y^ + xy + a, y" ^ i{y'f ly' + i{ay^ + b) + cy^ + -. 

y X X y 

We use methods of differential invariants, described in the papers [13], [T3], [TS] in 
order to solve the problem of the equivalence for Painleve I and II equations and 
for Painleve III equation with three zero parameters. 

Similar studies were conducted previously, see [16], [17], [H], [19], [20]. However, 
for the first time the check test for the equivalence is formulated in the effectively 
verifiable manner, it can be programmed. This is a continuation of work [21 . 

For further calculations we also need to define pseudotensorial field and its co- 
variant derivative (as they were formulated in [13 ). 

Definition 1. The pseudotensorial field weights m of valence {r, s) is called 
indexed set of variables that transform with the following rule under change of 
coordinate system 

f;i:::;: = (det rr E • ■ • ■ • ■ ' 
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here T is the inverse transfer matrix when one changes one coordinate system to 
another system in the plane. We see that there is the only factor ( detT)™ that 
distinguishes Definition 1 from the classical definition of tensorial field. 

Definition 2. The following object is called the covariant derivative of pseudoten- 
sorial field F of valence (r, s) and weight m: 

Qpil-ir r 2 

Y7 pll...»r „ I \ ^ \ ^ -p«„ pJi...t)„...i^_ 

^^^jl---js - Q^k 2^ 2^ ^ kv„-^ji...js 

n—1 Vn—1 

n— 1 Wn — 1 

Under the covariant differentiation the pseudotensorial field F of valence (r, s) and 
weight m becomes the pseudotensorial field of valence (r, s + 1) and weight m. 

Only the term mipkF^ii . . . ir)(ji ■ ■ ■ js) distinguishes Definition 2 from the defini- 
tion of covariant derivative of tensor fields. Here ifi and ip2 are auxiliary coefficients, 
the explicit formula ([25| . ([26|) for their calculation are contained in the Appendix. 



2. PAINLEVE I EQUATION 

Suppose we have a certain equation ([1]). We are looking for a change of variables, 
which translates it to the Painleve I equation 

(3) y" = 6f + X. 

There are two pseudovectorial fields a of weight 2 and 6 of weight -1 associated 
with equation ^ (for details, see [2]). Explicit formulas ((TE| . ([M]) for calculating 
the coordinates of these fields are contained in the Appendix. 

For the equation ([3]) they are given by: 

a^=B^O, a^^-A^ -12, e^^- — , 9^=0. 

12 

Then the transformation laws of these fields under the change of coordinates ( ^ 
are the following: 



(4) 



In addition, the coefficients of the equation ^ define the pseudoinvariants, ex- 
plicit formulas for the calculation of which are contained in the Appendix. N of 
weight 2 (UHl); Q of weight 1 (gT]), ([221); © of weight -2 L of weight -4 (^7)1 : 

Li weight -5 ([23); V of weight -3 (I^; W of weight -6 Now we can construct 

the set of invariants: 




In this case pseudoinvarians are: 

iv = o, n^o, ©--^, L^^, ^i = ~T^' 

We see that pseudoinvariant Li of weight -5 for the Painleve equation I ([3]) is a 
constant. 
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We can calculate the determinant of the inverse matrix of transition det T using 
the transformation law for the Li under the change of coordinates: 



(detr)5 124(detr)5' V 
Now from ^ we calculate partial derivatives of the coordinate functions: 



L / Ij (P' 9^ 

^i°--^v-Tt' ^°-^=-^rTt' ^^"^^ipif' "^''^-^/fm- 

For any equation ([T]) functions A, B, 0^, 0^, Li are known, they are determined by 
functions P, Q, R, S via explicite formulae (fTB]) . ((24|) . ([28]) given in the Appendix. 
From the last formula it is easy to obtain conditions for the compatibility: 




(5) B^-Ay = --N + ip2A-ipiB. 



The first condition of compatibility gives us the following expression 
hLi{Ay - B^) + A{Li)y - B{Li).^, ^ 5Li(Ay - B^) - V^Li + 5Li{^iB - ip2A) 
= 5Li{Ay - B^~ ipiB + ip2A) -V = 6LiN - V ^ 0. 
We have used the definition of pseudoinvariant V 

V = V„Li = {Li),B - {Li)yA - bLi{B^i - A^2), 
as well as the following clearly verifiable identity: 

6 

-—1 
5 

From the second condition of compatibility: 

{el + el)-{{M).,e^ + {L,)ye^) = 
= {el + el) - Veil - 5Li((^i0i + ip2e^) = 

- ^Li {{Qy - 2^20). + (-e, + 2^19)^,) - W- 

- 5ii (¥^1(9^ - 2^29) + M-^x + 2¥>i9)) = 

= {{e,y - 2((^2).9 - 2^2Qcc) + i-Qxy + 2((^i)j,9 + 2^i9y)) - W- 

- 5Li {ipiQy - (^29,)) - 5Li{i^i)y ~ ((^2)x)9 ^ SLiQQ ~W^0. 

We have used the definition of pseudoinvariants W and fi, pseudovectorial field 0: 

w = Veil = {Li),e^ + {Li)ye^ - 5Li{ipie' + ip2e^), n^^ ii^i)y - ((^2).) , 

9^ ^&y-2ip2Q, = -9a; + 2<y9l9. 

As for the Painleve I equation all pseudoinvariants N, Ct, V, W are identically 
equal to zero, they must be zero for any equation that is equivalent to Painleve I 
equation. 

Since = and V ^ 0, the first condition of compatibility is true, and since 
W = and = 0, the second condition of compatibility is true. Thus, realisation 
of these conditions is equal to the existing of the point substitution of variables, 
which reduces original equation ^ to equation ([3]). 
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Invariants of the equation ( [3]) are given by: 

12^5' i 

Let us resolve Ii and I2 relatively x and y. The explicite change of variables is 
given by ^ and find the explicite change of variables: 



(6) ^=vT^' y^^-f 



Theorem 1 Equation ^^ is equaivalent to Painleve I equation under trans- 
formations (0^ if and only if the following conditions are true: 1) F = |J7| ), but 

A y^o or B ^0 (03), 2) n ^0 {HP, {Hi, 3) N ^0 (03), 4)W^0 fH, 5) 

V = 6) e =^ 7; Li 7^ The explicite change of variables is 

given by (0j. 

Example 1. The following equation is equivalent to the Painleve I equation: 
y" ~ — sin"^ j/(6a;cos^ y + siny) H {—18x^ cos^ y sin^ y — 3x^ sin'^ 2/ cosy — 2)y'— 

X 

— {18x^ cos^ y siny + 3x^ sin^ y cos^ y)y'^ — (6x^ cos^ 2/ + a;'^ siny cos'^ y + x)y''^. 

Invariants and the explicite change of variables are the following: 

1 1 12a;cos^y 

, I 2 — 

12a;^sin^y' siny 



^1 ^ TTT , ■ 5 ' ^2 = — :t3-:^ — , y = xcosy, x^xsiny. 



3. Painleve II equation 

For a certain equation of type H]) we are looking for a change of variables that 
transformes it into the Painleve II equation 

(7) y" = 2f + S:y + a. 

There are two pseudovectorial fields a of weight 2 (|16p and ^ of weight 3 (I^T]) 
associated with equation ([7]). Explicit formulas for their calculation are contained 
in Appendix. For equation ([7]) they are: 

~ 2A ~ 

a^=B = 0, a^ = -A = -12y, = , ^ 0. 

5y 

Under the change of variables they transform into the rule: 

^U(detT)f V J 

Pseudoinvariants A/ of weight 4 (HH), ([201), TV of weight 2 ((T8|), of weight 1 
HJ, ([22]) and F (l32|) for the equation Q are given by: 

M=^, f) = 0, f=4«2y^ + ^^ + ^ 



5 ' ' ' 25 y 
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Invariants of the equation are calculated by the formulas: 

9 ATS m ■ 

Similarly to the previously discussed case of the conversion formula for N let us 
find det T : 



iV = 4(detT)2, detT=^, 

then 

(q) y^ = ^^^ yi.o _ 

^ ' y 6N' y 6N 

and the corresponding compatibility condition has the form: 

^ N J \N , 
It is equivalent to 

+ O - i^'N, + ('Ny) = NiNy + 2(^2^).. + Ni-N^ - 2ip,N)y- 

- N^{Ny + 2^2N) - Nyi-N, - 2ip,N) = 2N\{ip2)^ - {ip,)y) = ^N^n = 0. 
We have used the definition 

(10) =Ny + 2^2N, e = -N, - 2^iN. 

This condition is fulfilled if = As we prove the existence of y, let's substitute 
it into the first equality: 

B A f B \ f A 



6yViV &y^/N KyVNj.^ \yVNjy 

Let us write this in more details: 

B^ -Ay Ayo.i ~ Byi,o ^ ANy - BN^ _ 



yVN y^VN 2yNVN 
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+ if2A - ipiB 5{B^^ + A^^) _^ A{£_^ - 2ip2N) + B{e + 2^iN) 



yVN 6yNVN 2yNVN 

-6N B^'^ + A^^ -18N^ + 5M -18 + 5/i 



= 0. 



5yVN 3yNVN 15yNy/N 15yN^^/N 

The first condition of compatibility is satisfied if Ii — 18/5. We used formula 
dH), (Uni) and the definition 

M = -A^^ - B£,^. 
Values of basic invariants ([S]) to the equation ([7]): 

18 2y^ + xy + a 2xy + 3a 1 



Let us construct a new invariant, which is up to the sign equals the parameter of 
equation ([7|): 

/ 1 4 + IO/6-6O/3 , 
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Lemma 1. Equations Painleve II with the different parameters ai ^ ±a2 are 
non- equivalent. 

Via the formula of the invarians we find the exphcite change of variables: 
1 .5/6 3 



Theorem 2. An arbitrary equation (OJ) is equivalent to the Painleve II equation 
with parameter a = ±J if and only if the following conditions are true: 1) 
F^O 0, but A y^O or B^O (Ei), 2) n ^ fHP, , 3) M^O 
4-) Ii = 18/5 {3)- The explicit change of variables is 

Example 2. Under a linear change of variables equation 6.9 from [J2j is reduced 
to the Painleve II equation with parameter ± J: 

y" — ^ay^ — bxy ^ cy — d. 

fa d _ fa y _ bx 



2 6' ^ V 2 ^' ^ ■ 

4. Equation Painleve III with three zero parametrs 
A general form of the Painleve equations III is the following: 

y"^-{y'f--y' + -{ay'+b) + cy^ + -. 
y X X y 

It is a 4-parameter family of equations, which we denote by PI 1 1 {a, b, c, d). 

If three out of four of these parameters are zero, then these equations of Painleve 
III have special properties: 

1. They have a two-dimensional algebra of point symmetries and hence inte- 
grable. See [12]. 

2. All these equations are equivalent to each other. Referring to work [l9j, we 
write the change of variables: 

P///(0, b, 0, 0) ^ PIII{-b, 0, 0, 0) ^ P///(0, 0, -5, 0) ^ P///(0, 0, 0, 6), 

here 1), 3) x = x, y ^ 1/y, 2) x = x^/2, y = y^. 

Therefore it makes sense to solve the problem of equivalence for the same type 
of equations. We chose P///(0, b, 0, 0): 

(13) y"^l{y'f-^y' + ^. 

y XX 



For the equation p3|) the coordinates of the pseudovectorial fields a of weight 2 
16]) and of the weights 3 ([3T|) are: 



r b ~ ~, 1 b ~y 1 b 



xy^^ ' 15 iy^' ISi^y*^' 

and values of pseudoinvarians M of the weight 4 ITOl) , (I^D|) , N of weight 2 and 
n of weight 1 (EI]) , ^ are: 



The basic invariants of the equation are: 



^ = ^ 7=^ = 1=^ = 1- 
iV2 5' ' N ' ' M 15' 
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Let US calculate det T from the transformation law of the pseudoinvariant N: 



detT^^E^p!, 

then from the laws of transformation of the pseudovectorials fields a and ^ we get 
(14) xo.i = —j===, xix) = 



(15) 2/0.1 = — + —===, yi.o - 



N ^-ibNiy " N ^~3bNiy 

In this case the compatibility conditions are the following: 

(BVF) ^ (AVy\ f5e ^ B^ \ be ^ A^ 



Let us write the first condition of compatibility, using formulas (|T4|) . p5 
(Bi.o- Ao.i)Vy , (Syi.o - ^yo.i) I ^{BNi.a - AN^.i) _ 



N 2VNy/y 2 y/N^ 

= -'-^V-y--4^ - ^{Be + Ae) ^ v-y^ (~'- -14 + ^4 

5 2 2%/iV ^ ^ ^ 2iV2 2iV2 

-y^ViV (-^ + 2/i) =0. 
It is true if Ii = 3/5. The second condition can be written as follows: 

5(^Keg) _ 5{em,o+eNo.i) {b^.o-aq,^)^ 

_ ^{BNi.o - ANq.i) ^ {Byi,o ~ Ayo,i) _ ,/y{Bii.o - AiQ.i) ^ 
2V-36i7V3 2y/^3bNiy 2V^3bN¥ 



3 V-3feiVi V 5 2N 2N J 3 V-36iVi V 5 

The second condition true if = 0. 

Theorem 3. An arbitrary equation |I]) is equivalent to the Painleve III equation 
with three zero 'parameters if and only if the following conditions are true: 1) F = 
(1^, but A^O or B ^0 (OD, 2) n = {H]), ^ , 3) M ^ Q (T^, (2^, 4) 
h = 3/5. 

In this case, we can not write an explicit change of variables via invariants of the 
equation because they are constants. 



5. Conclusion 

Thus we have found the explicite verification test for a second order ODE to be 
equivalent to Painleve equations I, II and III with three zero parameters. For the 
first two cases a point transformation of variables is found, which is written using 
the differential invariants of the equation. 
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7. Appendix 
Let us denote JsTj.j = d^~^^ K /dx^dy^ . 

The coordinates of the pseudovectorial field a are = B, a'^ = —A, where 

(16) 

A = Po.2 - 2Qi,i + R2.0 + 2PS1.0 + SPi.o - 3Pi?o.i - 3i?Po.i - 3Qi?i.o + 6QQ0.1, 
B = S2.0 ~ 2i?i.i + Q0.2 — 2SPo,i — PSo,i + 3SQi,o + 3QSi,o + SRQo.i — 6RRi,o- 

The first pseudoinvariant F of the weight 5 is: 

(17) = AG + BH, where 

G = -BBi,o - SABo.i + 4BAo.i + SSA^ - 6RBA + 3Q5^ 
H = -AAo.i - 3BAi,Q + 4AB1.0 - 3PB^ + 6QAB - SRA"^. 

The pseudoinvariant N of the weight 2 in cases A ^ and B ^ respectively is: 

The pseudoinvariant M of the weight 4 in the case A^ is: 
(19) 

M = - ^^^^^^^^ + ^-^^ +^A^r.o+f ^A^Q+^Ar^r.o+^A^Ao.r-AA^o.r- f AiVi^ 

and in the case i? 7^ is: 
(20) 

5B 5 5 5 5 

The pseudoinvariant il of the weight 1 in the case ^4 7^ is: 
(21) 

ORzl. „l'RP_i_ 4. „^ roR. „ J- QRn\ 4. „ /^zl„ . _ OR. „^RP 

O 

A-^ A^ A^ 

Rl., „+/7^P, n Ron ;-!R, „r) + .•J.Rr), „ - R„ , P - RR. , 

Qo.i — 2i?i.o 



A^ 




+ 


^2 


BA2,> + D-'P,,o B2.0 SB 




.0 " 


-Po.iP-L^Po.i 1 1 


A2 ^ A 








in the case -B 7^ is: 








2ABo.iiAS - Bo.i) (2Ao.i 


- 3AR)Bo.i 


+ 


(Bi.o - 2Ao.i)AS 



(22) 

if'^ 

, ABo.2-A^So.i A0.2 , S^o.i-R + 3Ai?o.i - Ai.o5 - A5i.o , „ 

+ ^2 B~ B ~ 
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The pseudocovectorial field w of the weight -1 in the case A ^ is: 
^12PR _ 54 6Q1.0 _ PAq.i + BPi.o + A2.0 _ 2Bi,oP 

5A 25 A A 5A 5A^ 5A^ 

BQAi.o - 12PBQ QB'^P'^ + 12BPAi,o + QAIq 
25^2 + 25^3 ' 

U)2 



-:>BP,,,^ + (ilJOo.i + VIRBP 54 2BB^j J'> + BA,i,^P + B-Pi,o + BA2.0 



5^2 25 5^3 

UB^PQ 3BQAi,o GBAl^ + 6B^P^ + 12B^Ai,qP 
25A3 25A3 25^4* 
and in the case -B ^ is: 

_ 5^51.0 - 6ARo,i + 12QAS 54 AR^ 2AAo.iS + ABi,oS + A'^Sq.i - AB0.2 
552 25~B2""^ 5^3 

_ UA^SR 3ARBo,i 6ABljJ^6A^S^j-UA^Bo^ 
25B3 ^ 25B3 + 25B4 ' 

_ 12SQ _ 54^ .Si^_ ^RoA 5-Bi.o + ASp.i - Bo,2 2AoaS__ 
^'^ 5B 25 B B 5B 5B^ 5B^ 

_ 3RBo,i + 12SAR GA'^S'^ - UBp.iAS + GBl-^ 
25B2 + 25B3 • 

The pseudoinvariant 6 of the weight -2 is given by: 

(23) e = ^, e = ^. 

The pseudovectorial field 6 of the weight -1 is: 

(24) 01 = 90.1-2^26, ^2 = -61.0 + 2(^16, 
where (pi in the case A are: 

3 ^^ BP + A,,o B^^ + Ao^ + WQ 6 

(25) yi = -3 +-,Q, ^2=SB^^^ 3 + -R, 

and in the case B ^0 are: 

oA ^S-Bo.i , Ao.,+B,.o-3AR 6 ^AS-Bo^ 3 

(26) .,1 = -3^^^, 3 -Q, ^2=3^^ -R. 

The pseudoinvariant L of the weight -4 is: 

(27) 1 

-p{9^f-3Q{d^fo^-3Re\9y-s{9y--e\ 

The pseudoinvariant Li of the weight -5 is: 

(28) Li = Li,o9^ + Lo.i9^ - 4L{(pi9^ + ^29^). 
The pseudoinvariant W of the weight -6 is: 

(29) W = Veil = (Li)i.o0' + (^1)0.1^' - 5Li{^i9^ + ^2^'). 
The pseudoinvariant V of the weight -3 is: 

(30) V = Vail = (ii)i.oS - (Li)o.i^ - 5Li{Bipi - A^2). 
Pseudovectorial field ^ of the weight 3 is: 

(31) ^ = -20a - 7, 
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in the case field 7 is: 



i_ 6BN{BP + Ai.o) 18NBQ 

+ ^fflH±^-A.o.i->i^-2r.5, 
5A 5 



and in the case i? 7^ is: 

5-D 5 
2_ 6AN{AS-Bo,i) 18NAR 

-^^^(^%±^+A^..o->Q + 2^^A 
5-K 5 

The pseudoinvariant F of the weight 4 is: 

M 
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